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C^-UMBILICS WITH ARBITRARILY HIGH INDICES 


NAOYA ANDO, TOSHIFUMI FUJIYAMA, AND MASAAKI UMEHARA 

Abstract. In this paper, the existence of C^-umbilics with arbitrarily high indices 
is shown. This implies that more than -regularity is required to prove Loewner’s 
conjecture. 


1. Introduction 


The index of an isolated umbilic on a given regular surface is the index of the 
curvature line flow of the surface at that point, which takes values in the set of half¬ 
integers. Loewner’s conjecture asserts that any isolated umbilic on an immersed sur¬ 
face must have index at most 1. Caratheodory’s conjecture asserts the existence 
of at least two umbilics on an immersed sphere in i?^, which follows immediately 
from Loewner’s conjecture. Although this problem was investigated mainly on real- 
analytic surfaces, several geometers recently became interested in non-analytic cases 
(cf. E |B] IGHl IGMSIISXI I. In particular, Smyth-Xavier ISXI observed that En- 
neper’s minimal surface is inverted to a branched sphere such that the index of the 
curvature line flow at the branch point is equal to two. Bates ||B] found that the graph 
of the function 


( 1 . 1 ) 


B{x,y) := 2 + 


__ 

VTT^\/lT^ 


has no umbilics on and inversion of it gives a genus zero surface without self¬ 
intersections, which is differentiable at the image of infinity under that inversion. 
Ghomi-Howard IIGHII gave similar examples of genus zero surfaces using inversion. 
Moreover, they showed that Caratheodory’s conjecture for closed convex surfaces can 
be reduced to the problem of existence of umbilics of certain entire graphs over R^. A 
brief history of Caratheodory’s conjecture and recent developments are written also 
in UGH). Recently, Guilfoyle-Klingenberg OGKII and MGK2I gave an approach to 
proving the Caratheodory and Loewner conjecture in the smooth case. 

Let P : [/ —I B? be a -immersion defined on an open subset U of R? such 
that P is C'^-differentiable onU\ {g} and not -differentiable at q. Then the point 
q G U is called a -umbilic if the umbilics of P on C/ \ {g} do not accumulate to 
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q. At that point q, we can compute the index of the curvature line flow of P. In this 
paper, we prove the following assertion. 

Theorem 1.1. Let U\ (c P?) be the unit disk centered at the origin. For each positive 
integer m, there exists a C^-function f : Ui ^ R satisfying the following properties: 

(1) / is real-analytic on [/* := Ui \ {(0, 0)}, 

(2) (0,0, /(0,0)) is a C^-umbilic of the graph of f with index 1 + {ml2). 

It should be remarked that the inversion of the graph of Bates’ function B{x, y) 
has a differentiable umbilic of index 2 although not of class (see Example l2.3b . It 
was classically known that curvature line flows are closely related to the eigen-flows 
of the Hessian matrices of functions (see Appendix A). As an application of the above 
result, we can show the following: 

Corollary 1.2. For each m(> 1), there exists a C^-function X : Ui ^ R satisfying 

(1) Xis real-analytic on Uf, and 

(2) the eigen-flow of the Hessian matrix of X has an isolated singular point (0, 0) 
with index 1 + (m/2). 

When we consider the eigen-flow of the Hessian matrix of /, it is well-known that 
the index of the flow at an isolated singular point is equal to half of the index of the 
vector field 

d d 

(1-2) df := + (fyv ~ fxx)-^- 

In addition, if o := (0,0) is an isolated singular point of the eigen-flow of the Hes¬ 
sian matrix of /, then its index is equal to 1 -f indo((5/)/2 (see Appendix B), where 
indo((5/) is the index of the vector field 

(1.3) 6f := 2{rfr0 - frr + rfr + 

at o, and x = r cos 9, y = r sin 6. In order to prove the above theorem, we introduce 
vector fields Df and Ay analogous to df and 6f, respectively (cf. Propositions 13.31 
and l4.2b . and prove the theorem by computing the index of A/ at infinity for each of 
the functions (cf. Section 5) 

(1.4) (/=)/m(r, 0) := 1-I-tanh (r“ cosm0) (0 < a < 1/4, m = 1, 2,...). 

In addition, we give an alternative proof of Theorem 1.1 without use of inversion, by 
an explicit example of A (cf. (6.1)) satisfying (1) and (2) of Corollary 1.2 (see Section 
6). 


2. The regularity of the inversion 
Let i? be a positive number. Consider a function / : R^ \ R, where 


(2.1) 


■= {(a;, y) & R^; sjx"^ +y'^ < R}. 
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Then F = {x, y, f{x, y)) gives a parametrization of the graph of /. The inversion of 
F is given by F/ {F -F), where the dot denotes the inner product on R^. We consider 
the following coordinate change 


( 2 . 2 ) 

Then 

(2.3) 


X = 




y = 


+ V-^ 




gives a parametrization of the inversion, where p := ^/v? + v^. The map ^'/ is de¬ 
fined on the domain 

(2.4) := Uyn \ {o} (u^/r := |(u,z;) e ^ ^ 

where o := (0, 0). If we set 


(2.5) x = rcos0, y = rsm0, 

where r > 0, then (12.21) yields 


(2.6) p=-, u = pcos9, V = psinO. 

r 

In particular, the angular parameter is common in the xy-plane and the uu-plane. 


Proposition 2.1. Let / : R?' \ LIr R be a C°° -function such that j jr is bounded. 
Then the inversion T 'f : —>■ R^ can be continuously extended to (0, 0). More¬ 

over, if 


(2.7) 


P - 2rffr 

J.2 


< 1 


(r > R), 


then the image o/T' / = (X, Y, Z) can be locally expressed as the graph of a function 
Z = Zf{X, Y) on a neighborhood o/(0, 0) in the XY-plane. Under the assumption 
(ITtI i. the function Zf{X, Y) is differentiable if and only if 

f 

lim - = 0. 

r—¥oo T 

Proof. We can write 

( 2 . 8 ) ^^2 {u,'v,p{u,v)\/u^ , 

where 

(2.9) (p{u,v) = \/uf Y v'^fiu, v) = 

r 

Since //r is bounded, the function tp is bounded on Uy^. Thus, one can prove 
liiTLp^o '^'/ = (0i 0,0) using ( 12.81 ). that is, 'it f{u, v) can be continuously extended to 
(0,0). We denote by If : R? 9 {x,y,z) i—>■ {x,y) € R? the orthogonal projection. 
By setting 

P 


if[p,e) : 


1 + <p{p cos 0, p sin 9Y ’ 
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it holds that 

( 2 . 10 ) 


n o ti) = [ 0) COS0, 0) sin0 


Since /(pcos0, psinfl) = f{cos9/p, sin9/p), we have 

fp = f - rfr- 

In particular, it holds that 

, _ 1 - (/^ - 2r//^)/r2 

(l + /2/r2)2 

By (I2.71 i. there exists e > 0 such that p i—>■ ipiPi (|p| < ff) is a monotone increasing 
function for each 9. Thus, by ( I2.101 i. we can conclude that If o 'll j ^ is an 

injection. Since a continuous bijection from a compact space to a Hausdorff space is 
a homeomorphism, the inverse map G : ^ C/g of If o vh | is continuous, where 

12 is a neighborhood of the origin of the XY -plane in R^. Then the graph of 

( 2 . 11 ) Zf {= \ _^iG{X,Y))p{G{X,Y)) 


1 + ip^J l + (^(G(X,y))2 

coincides with the image of Jh/ = (2f, Y, Z) around (0, 0,0). Then 

pip 


X = 


Y = 


1 + (^2 ’ 1 + (^2 
Since p —?► 0 as {X, Y) —?► (0,0), we obtain 
Zf{X,Y) 


Z = 


1 + <p' 


,2 ■ 


( 2 . 12 ) 


lim 


(a:,f)^.(o,o) ^/X^TY^ 
proving the last assertion. 


^ = lim p = lim 

(X,Y)-J.(0,0) ^it2 -p ^2 P-i-0 i-->oo r 


= lim 


□ 


Corollary 2.2. Suppose that f : R? \ flu R is a bounded G°° -function satisfying 
(2.13) lim—=0. 

r—foo T 

Then the inversion j : —>■ R^ can be continuously extended to (0, 0). More¬ 

over, the image o/JH/ is locally a graph which is differentiable at (0, 0). 

Example 2.3. Bates’ example (cf. (Il.lb l mentioned in the introduction is differen¬ 
tiable. In fact, B{x, y) is bounded and Br/r converges to zero as r —oo. However, 
the inversion of {x, y, B{x, y)) is not G^. In fact, the unit normal vector field of the 
graph of B is not continuously extended to the point at infinity. Since the inversion 
preserves the angle, the unit normal vector field of its inversion cannot be continu¬ 
ously extended to (0,0, 0). 


Example 2.4. Ghomi-Howard EHl gave an example 

lY X -\-y'^ 


(2.14) 


fcH = 1 + A- 


(A>0). 


\/l-f(x-f 2/2)2 

The graph of fan is an umbilic free (see Example 13. 5 1 in Section 3). The function 
foH is bounded. In addition, since {fGH)r is bounded, (12.13b is obvious. Therefore, 
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as pointed out in IIGHI . the inversion of (x, y, fcHix, y)) is differentiable. However, 
it is not a C^-map. In fact, the limit of the unit normal vector field along y = 0 of the 
graph of fcH is not equal to that along x + = 0 at the point at infinity. 

Next, we give a condition for to be extendable as a C^-map to (0, 0). 

Proposition 2.5. Suppose that f : \ flu R is a bounded C°° -function satisfy¬ 

ing 

(a) lim fr = 0, (b) lim fg/r = 0. 

r—^oo r—^oo 

Then 'h/ = {X,Y,Z) can be extended to (0,0) as a C^-map. Moreover, the map 
{u,v) I—> {X(u,v),Y{u,v)) is a C^-diffeomorphism from a neighborhood of the 
origin in the uv-plane onto a neighborhood of the origin in the XY -plane. 

To prove this, we prepare the following lemma. 

Lemma 2.6. The conditions {a) and (b) in Proposition 12.51 are equivalent to the 
following two conditions, respectively: 


(1) limp/p = 0, 

p —>-0 


(2) lim pfg = 0. 

p ->0 


Proof The equivalency of (2) and (b) is obvious. The equivalency of (1) and (a) 
follows from the identity fp = —fr/p^- D 

Proof of ProDosition \2.5\ We see by Corollary 2.2 that T' j can be extended to (0, 0) as 
a differentiable map and the map (u, v) i—>■ {X{u, v), Y{u, u)) is a homeomorphism 
from a neighborhood of (0,0) onto a neighborhood of (0, 0). We set 

(2.15) h:= p^f{= pp), k:={pff(=p^). 

By (O, we can write 

= {X,Y,Z) = -^-^{u,v,h). 


(2.16) 


+ 1 


To show that 'h/ is a C^-map at (0,0), it is sufficient to show that h,k are C^- 
functions. Since h and k are (7“-functions on Uyj^, they satisfy 

(2.17) 

hu = p({2f + pfp) cos 9 - fg sme\ hy = p({2f + pfp) sm9 + fg cos 9 


(2.18) 

ku = 2.fp{ cos 9{f + pfp) - fgsm9], 


ky = 2fp ( sin 9{f + pfp) + fg cos 9 


on Using (1), (2) in Lemma lZhl (12.17b and (12.18b . one can easily see that 


(2.19) 


lim hy = lim hy = lim ky = lim = 0, 

p —>0 p —>0 p —>0 p —>0 


which shows that (h f extends to (0,0) as a C^-map. By ( 12.16b and ( 12.19b . we have 

W„(0,0) = 1, x„(0,0) = 0, r„(0,0) = 0, r„(o,o) = i. 

Thus the second assertion follows from the inverse mapping theorem, because the 
Jacobi matrix of the map (u, v) i—>■ (X{u, v), Y(u, v)) is regular at (0,0). □ 
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In Section 5, we need the following; 

Proposition 2.7. Let f : \ flu R be a bounded C°° function satisfying the 

conditions (a) and (b) of Proposition ^^ If there exists a constant 0 < c < 1/2 such 
that 

r'^~‘'frr, r^~‘'fre, r-^^fee 

are bounded on R? \ fijf, then the map (u, v) f->■ {X{u, v), Y{u, v)) is a C^-map at 
(0,0), where f = {X,Y,Z). 

We prepare the following lemmas: 

Lemma 2.8. The boundedness of the five functions in Proposition 12.71 is equivalent 
to the boundedness of the functions 

(2.20) P^^^fpp, P^^^fpe, P^fee 

onU \ {(0, 0)}, where U is a sufficiently small neighborhood of (0, 0). 

Proof Differentiating f = f[p cos 9, p sin 9) by p, we have pfp = —rfr and p^fpp = 
frr- Using these relations, the assertion can be easily checked. □ 

Lemma 2.9. Suppose that the five functions in (12.201) are bounded on (7 \ {(0, 0)}. 
Then p^^kuv cmd p^^kyy are also bounded on U \ {(0,0)}, where k is the 

function given in ( 12.15b . 

Proof In fact, each of kyy is written as a linear combination of 

1, P/p, fe, {pfpf, Pfpfe, fe, P^fpp. Pfpe, fee 
with coefficients that are bounded functions. For example, 

kuy = sin20 {jf^Pp + /(pVpp + 3p/p - fee) - fe) 

+ 2 cos 29 (^fe {pfp + f) + pffpe^ ■ 

Thus, we get the assertion. □ 


Proof of Proposition \2.7\ By Lemmas l2.8l and lZ9l the fact that 2c < 1 yields that 


(2.21) 

lim pkuu = lim pkyy = 

lim pkyy = 

0. 


p^O p^O 

p^O 


Since 




^uu — 

2uky - 2{k + \)ku - u{k + l)fc„„ 



(fc + l)3 



^uv — 

ky { — 2uku + fc + 1) + u{k + l)kyy 

5 ^VV - ~ 

u [(k + l)kyy - 2kl) 

{k + 1)3 

{k + 1)3 


we have that Xyy, Xyy tend to 0 as p —>■ 0. This implies that Xy, Xy are C^- 
functions. Similarly, Yu,Yy are also C^-functions. □ 
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3. The pair of identifiers for umbilics 


Let be a domain on R^. Consider a flow (i.e. a 1-dimensional foliation) R de¬ 
fined on U\{pi,pn}, where pi,... ,pn are distinct points in U. We are interested 
in the case that R is 


• the curvature line flow of an immersion P : U ^ R^, 

• the eigen-flow of a matrix-valued function on U, or 

• the flow induced by a vector field on U. 


We fix a simple closed smooth curve 7 
R/2t:Z. We set 


^ .- 1 . 

dx •- o ! 

OX 

Then one can take a smooth vector field 


■.T^^U\ {pi, 


dy := 


dy' 


.. ,pn}, where := 


V{t) := a{t)dx + b[t)dy 

along the curve 7 (t) such that V [t) is a non-zero tangent vector of R^ at 7 (f) which 
points in the direction of the flow P. Then the map 


(3.1) 


V :T^ 


+ bity 


G := {x G |x| 


1 } 


is called the Gauss map of P with respect to the curve 7 . The mapping degree of the 
map V is called the rotation index of P with respect to 7 and denoted by ind(J^, 7 ), 
which is a half-integer, in general. If 7 surrounds only pj, then ind(J^, 7 ) is inde¬ 
pendent of the choice of such a curve 7 . So we call it the {rotation) index of the 
flow P at Pj, and it is denoted by indp^ {P). If the flow P is generated by a vector 
field V defined on [/ \ {pi,... ,Pn}, then indp^ (J^) is an integer, and we denote it by 
mdp^(l/). 

We denote by S 2 {R) the set of real symmetric 2-matrices. Let [/ be a domain in 
R^, and 


/aii(a;,y) ai2{x,y)\ 
\ai2{x,y) a22{x,y)J 


U^S2{R) 


a C°°-map. A point p G U is called an equi-diagonal point of A if an = 022 and 
012 = 0 at p. We now suppose that p is an isolated equi-diagonal point. Without loss 
of generality, we may assume that A has no equi-diagonal points on C/ \ {p}. Since 
two eigen-flows of A are mutually orthogonal, the indices of the two eigen-flows of 
the S' 2 (i 2 )-valued function A are the same half-integer at p. We denote it by indp(A). 

It is well-known that for an S' 2 (i 2 )-valued function A, the formula 


(3.2) indp( 2 l) = iindp(v^) 

holds, where is the vector field on [/ given by 


(3.3) 


VA (oil — 0‘22)dx + CLi2dy. 


We shall apply these facts to the computation of the indices of isolated umbilics on 
regular surfaces in R? as follows. Let f : U —i? be a C°°-function. The symmetric 
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matrices associated with the first and the second fundamental forms of the graph of / 
are given by 


(3.4) 



fxfy \ 

^ + fy)^ 


We consider a GL{2, li)-valued function 


II ■= 


fXX 

fxy 



(3.5) 


P := 


Y^(l + /x + fy )/(1 + fx) 


\/l + fx \ 

fxfy/VTTfl)^ 


which satisfies the identity PP^ = I, where is the transpose of P. Then 

Af := 


is an S'2(i2)-valued function. The umbilics of the graph of / correspond to the equi- 
diagonal points of Af. We show the following: 


Proposition 3.1. The symmetric matrix Af{p) is proportional to the identity matrix 
at p G U if and only if p gives an umbilic of the graph of f. Moreover, if p is an 
isolated umbilic, then indp(A/) coincides with the index of the umbilic p. 


Proof The first assertion follows from the definition of Without loss of general¬ 
ity, we may assume that p coincides with the origin o := ( 0 , 0 ), and the graph of / 
has no umbilics other than o on ?7. Take a sufficiently small positive number £ > 0 
so that the circle y{t) = e(cosf, sinf) (0 < f < 27r) is null-homotopic in U. 

We denote by (ai(f), 6 i(f))^ and (a 2 (f), 62 (f))^ eigen-vectors of I~^II and Af 
at y{t), respectively. We may suppose 

(ai(f),6i(f))P(7(f)) = (a2(f),&2(f)) (0 < f < 27r). 

We set 

:= a^(t)d^ + bi{t)dy (i=l,2). 

Then wi points in one of the principal directions of the graph of /. The matrix 
P(7(f)) takes values in the set 

( 3 . 6 ) '^'"{(- 2 / 

Since the set T is null-homotopic, the mapping degree of wi (f) with respect to the 
origin is equal to that of W 2 (f). Since the degree of W 2 (f) with respect to o coincides 
with indo(A/), we get the second assertion. □ 


By a straightforward calculation, one can get the following identity: 


Af := hk^Af = 


fxfyifxfyfxx “ ‘^hf^y) + f 

Ik k'^ f: 


Ik 

2 , 


where 


h-—f+fx^ yl + Zx+Zyi l'.— —hfxy + fxfyfxx- 

Then the coefficients of the vector field 


^Af = +V2dy 
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defined as in (I3.31 l for A = Af are given by 

Vi = an - d22 = (-1 + fx)fyfxx - - 2hf^f^yfy + h‘^fyy: 

'^2 — di2 — ^{hfxy fxfyfxx^') 

where Af = {dij)ij=i, 2 - Hence, we get the following identity 

^ —/a:x(l + fy) + (1 + fx)fyy^ ■ 

Consequently, we get the following fact (cf. Ghomi-Howard OGHl (10)]): 

Fact 3.2. The graph of the function z = f{x, y) defined on U has an umbilic atp£U 
if and only if the functions 

di{x, y) := (1 + fDfxy - fxfyfxx, d 2 {x, y) := (1 + fDfyy - fxxif + fy) 
both vanish at p. 

We consider the vector field 


Df := didx + d2dy 

defined on the domain U in the xy-plane. Suppose that p is a zero of Df. The 
following assertion holds: 


Proposition 3.3. Ifp gives an isolated umbilic of the graph of f, then half of the index 
of the vector field Df at p coincides with the index of the umbilic p. 


Proof The half of the index of the vector field 


X := = {2f^fydi - hd2)d^ + kdidy 


atp is equal to indp(A/). We now set 


+ 0 )(t) 


Then X = Xi and Xq = —d 2 dx + didy, and the rotation index of Xs at p does not 
depend on s G [0, Ij. Since the rotation index of Df = (^ 1 ,^ 2 ) at p coincides with 
that of Xq, we can conclude that X has the same rotation index as Df atp. □ 


We call di, d 2 the Cartesian umbilic identifiers of the function /. 

Example 3.4. For a function f{x,y) := Re( 2 ;^) = x^ — 3xy^ (z = x + iy), the 
Cartesian umbilic identifiers are given by c?i = —Gppi, d 2 = —f>x(p 2 , where 

pi := —ffx'^ + + 1, ip2 '■= + 2. 

Since <pi (i = 1, 2) are positive at the origin (0, 0), the vector field Df can be con¬ 
tinuously deformed into the vector field —ydx — xdy preserving the property that the 
origin is an isolated zero. Thus Df is of index —1, and the graph of the function / 
has an isolated umbilic of index —1/2 at the origin. 
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Example 3.5. Bates’ function B{x^ y) has no umbilics since di > 0 on R^. On the 
other hand, the identifier di with respect to Ghomi-Howard’s function fcHix, y) in 
(12.14b vanishes if and only if y = 0 or a; = —Since d 2 never vanishes on these 
two sets, the graph of fcH also has no umbilics on R^. 


4. The pair of polar identifiers for umbilics 


Let U be a domain in the xy-plane, and /:[/—> ii a G^-function. Let (r, 0) be 
the polar coordinate system associated to (x, y) as in (12.5b . Then 

F{r,9) := {r cos6,r sm9, f{r cos0,r sinO)) 
gives a parametrization of the graph of / with the unit normal vector 
1 


Vfe+rHl + f?) 


Then I := 


'l + f? frfe 

frfe + /2 

of the first fundamental form of F. If we set 


fg sin 9 — rfr cos 9, —rf^ sin 9 — fg cos 9, r j . 
is the symmetric matrix consisting of the coefficients 


Q = 


0 


\/l + fr 


~\/fe + (1 + /r )/ y/l + fr frfe/ y/l + frj 


then QQ^ = 1. The symmetric matrix consisting of the coefficients of the second 
fundamental form is given by 


II := 


1 


rfr 


rfre - fe 


Vfe + + f?) ~ ’ 

Then the symmetric matrix 

Bf = q-^Ti{q-Y = Q^ir^n){Q^)-^ 

satisfies 

xf/fgfrr + hfr (^-2rfgfrg + 2f^ + r'^hj + rh'^fee 


I3f = hk^Bf = 
where 


Ik 


Ik 


h\=l + f/, k := \Jfg+r"^ {1 + f/), t:=fe(h + rfrfrr^-rhfre. 

The following holds. 

Proposition 4.1. The symmetric matrix Bf(p) is proportional to the identity matrix 
at p £ U \ {o} if and only if p gives an umbilic of the graph of f. Moreover, if o is 
an isolated umbilic of the graph of f, then the index of the umbilic at o is equal to 
1 + indo(i?/). 


Proof. The first assertion follows from the above discussions. So we now prove 
the second assertion. Suppose o is an isolated umbilic. We take a simple closed 
smooth curve y{t) (0 < f < 27r) in the xy-plane which surrounds the origin o anti- 
clockwisely, and does not surround any other umbilics. Let wi : [0, 27r] R^ be a 
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vector field along 7 such that wi (t) is an eigen-vector of the matrix / at 7 (f) for 
each f € [0, 2tt\. Since 


dr = cosOdx + sin 6dy, 

we have that 


{dr,de) = {dx.dy)Ta, 


de = —r sin 9dx -I- r cos 9dy, 


f cos9 —rsin 0 \ 

\^sin 0 rcos9 J' 


Then, it holds that 

i-^Ti = {To)-\r^ii)To. 

In particular, 

W 2 (f) := To(7(f))~^wi(t) (0 < f < 27r) 

gives an eigen-vector of the matrix i~^II at 7 (f). Let Tg : U ^ GL{2, R) (0 < s < 
1 ) be a map defined by 


/'cos 9 — (r(l — s)-b s) sin0\ 

ysin 0 (r(l — s)-b s) COS 0 J 


(0 < s < 1 ). 


Then it gives a continuous deformation of Tq to the rotation matrix Ti. Since the 
winding number of the curve 7 (f) with respect to the origin o is equal to 1 , the dif¬ 
ference between the rotation indices of wi and W 2 is equal to 1. Since the eigen-flow 
of the symmetric matrix Bf is associated with that of the matrix by Q, the fact 

that Q takes values in the set T in Section 3 yields that the index of the umbilic o is 
equal to 1 -b indo(i?/). □ 


We now set 

:= = -fe (1 + fr + rfrfrr) + r (l -b fr) frd, 

k 

where Bf = Then we have 

611 — 622 = —S/r/ebi -b r (1 -b fr) S 2 , 

where 

b 2 := (1 + fr) (rfr + fee) - frr + fe) ■ 

Thus, as in the proof of Proposition l3.3l we get the following assertion. 

Proposition 4.2. Let U be a neighborhood of the origin o := (0, 0). Let f : U ^ R 
be a C°° -function. Then the graph of f has an umbilic at p G C/\ { 0 } if and only if the 
two functions 6i{r,9), S2{r,9) both vanish at p, where x = rcos9 and y = rsin0. 
Moreover, if o is an isolated umbilic, then half of the index of the vector field 

Af := Sidx + S2dy 

at o equals — 1 -b Iff), where If{o) is the index of the umbilic o. 

We call (5i, i 52 the polar umbilic identifiers of the function /. 
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Example 4.3. Consider the function {z = x + iy) 

f{x,y) := Re(z^z) = x^ + xy'^ = cos 0. 

By straightforward calculations, we have 

= —2r^ sin 0, 82 = —2r^ (2 — 3r'^ — Gr'^ cos 20) cos 9. 

Since 2 — 3r^ — 6r^ cos 29 is positive for sufficiently small r > 0, the vector field A/ 
can be continuously deformed into the vector field — sin 9dr — cos 9dg preserving the 
property that the origin is an isolated zero. Thus the rotation index of A/ at o is equal 
to —1, and If{o) = 1 — 1/2 = 1/2. 

We give a modification of Proposition 14.21 for the computation of index of the 
curvature line flow of a surface along an arbitrarily given simple closed curve sur¬ 
rounding the origin as follows. Let z = f{x,y) be a C°“-function defined on 
admitting only isolated umbilics. Suppose that ^ : R ^ R? be a C°°-map satisfy¬ 
ing 7 (f -f 27r) = 7 (t) which gives a simple closed curve in the aiy-plane such that it 
surrounds a bounded domain containing the origin o anti-clockwisely. Moreover, we 
assume that 7(1) does not pass through any points corresponding to umbilics of the 
graph of /. We denote by 1 /( 7 ) (resp. ind.y(A/)) the rotation index of the curvature 
line flow (resp. of the vector field Ay) along the simple closed curve 7. Then the 
formula 

(4..) = 1 + 

can be proved by modifying the proof of Proposition 14.21 Suppose that there exist 
at most finitely many points t = ti,... ,tk € [0, 27r] such that Si{'y{t)) vanishes at 

t = tj. We now assume that := dSi{'y{t))/dt does not vanish at t = tj 

(j = 1,..., fc). We set 

fO (b2(7(fy)) < 0), 

sitj) = I 1 > 0 and S 2 i-fitj)) > 0), 

[-1 < 0 and d2i'yitj)) > 0 ). 

Then, it holds that 

k 

(4.2) md^(Ay) =-^£r(fy). 

1=1 

5. Proof of the main theorem 

In this section, using the function f = fm {m = 1,2,3,...) given in (11.4b . we 
prove Theorem ll.ll and Corollarv ll.2l in the introduction. More generally, we consider 
the function 

(5.1) {g ■.=)gm{'r,9) ■.= 1 + F{r°‘cosm9) (0 < a < 1/4, m = 1, 2, 3,...), 

which is defined on {(?’, 9); r > R}, where R is an arbitrarily fixed positive number, 
and F : i? — 1 i? is a bounded C°°-function satisfying the following conditions: 

(i) F{x) is an odd function, that is, it satisfies F{—x) = —F{x), 
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Figure 1 . The inversion of the graph /s for a = 1/5 (left) and its 
enlarged view (right). In these two hgures, the z-axis points toward 
the downward direction. 


(ii) the derivative F'{x) of F is a positive-valued bounded function on R, 

(iii) the second derivative F"(x) is a bounded function on Jf? such that F" (a;) < 0 
for a; > 0, 

(iv) there exist three constants a, (3 and 7 (/3 ^ 0, 7 > 0) such that 

lim e^^F'{x) = a, lim e^^F''{x) = /?. 

x—¥oo x—yoo 

One can easily construct a bounded C'°“-function F{x) satisfying the properties (i- 
iv). For example, one can construct an odd C'°“-function satisfying (ii) and (iii) so 
that 


F(a:) = 1 — e “ (a:£[M, 00 )). 

Then it satishes also (iv). However, to prove Theorem ll.il we must choose the func¬ 
tion F(x) to be real-analytic, and 


F[x) := tanha: 

satishes all of the properties required. From now on, we shall prove Theorem ll.ll and 
Corollary 1 1.2l using only the above four properties of F{x). 

The function g can be considered as a C°°-function on \ H/j in the xy-plane 
for any R > 0. The graph of g lies between two parallel planes orthogonal to the 
z-axis, and is symmetric under rotation by the angle 27r/m with respect to the z-axis 
(the entire hgure of the inversion of the graph of /a is given in the left-hand side of 
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Figure[I]l. The partial derivatives of the function g are given by 
(5.2) gr = ar^~^CmF' {r^Cm) , 9e = -mr^SmF' (r^Cm) , 

= ar°-~‘^Cm (^ar°-CmF" {r°-Cm) + (a - 1)F' (r“cm)^ , 
gre = -amr°-~^Sm [r°'CmF" (r“cm) + F' {r^-Cm)^ , 
gee = (r“c™) - c^F' (r^Cm)^ , 

where 


(5.3) Cm ■= cosm0, Sm ■= smm0. 

Since F{x) is a bounded function, g is bounded and satisfies (12.131 1. since a < 2. 
Therefore, the inversion T'g can be expressed as a graph near (0, 0,0). Since 0 < a < 
1, the function g satisfies (a) and (b) of Proposition |23] Then Z = Zf{X, Y) as in 
(12. 1 lb with / := g is a C^-function at (0,0). The graph of Zg for g = f5 near (0,0, 0) 
is indicated in the right-hand side of Figure[T] To prove Theorem I 1.11 it is sufficient to 
show that (0,0, 0) is a C^-umbilic of the graph of Zg{X, Y) with index 1 -|- (m/2). In 
the following discussions, we would like to show that there exists a positive number 
R such that the graph of g has no umbilics if r > i?. We then compute the index 
/g(r) with respect to the circle 

(5.4) r(0) := {rcos0,rsm0) {0 < 0 < 2 tt, r > R), 

using (14.1b and (14.2b . which does not depend on the choice of r(> R), as follows. We 
set 


(5.5) bg(0):=bg(r(0)) (j = l,2). 

The first polar identifier is given by 

(5.6) (5i = -mr’^Sm (^ar°‘CmF" (r“cm) + (a - l)i^' (r“cm,) 

Since 0 < a < 1, the condition (ii) yields that 

(5.7) (a - 1)F' ir‘^cm) < 0. 


On the other hand, by (i) and (iii), it holds that 


(5.8) xF"{x) <0 {x ■.= r°‘Cm)- 

By ( 15.7b and (15.8b . we can conclude that 61 {0) changes sign only at the zeros of the 
function sin mO. Since the function g is symmetric with respect to rotation by angle 
21 : jm, to compute the rotation index of Ag along T, it is sufficient to check the sign 
changes of SiiF) (z = 1, 2) for 0 = 0 and 0 = it jm. By (15.6b . (15.7b and (15.8b . we get 
the following: 




> 0 , 




< 0. 


(5.9) 


6=0 


9—7T / m 
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The second polar identifier 62 is given by 

= -. 2 -a _ ^ 2 ^^) p. 

+ aCm (a^Cm - + m'^s'^) F' [cmr°‘f' 

- (a^ - 2a + m^) F' {Cmr°'). 

We need the sign of 52 {d) at 0 € ( 7 r/m)Z. In this case, = 0 and Cm = ±1- 
Substituting these relations and using the fact that F' (resp. F") is an even function 
(resp. an odd function), we have 

r2-3“52 = =F7’^““a^-F" (r“) 

±a^ [a - m^) F' (r“)^ =F (a^ - 2a + w?) F' (r“). 

Since F' is bounded, the middle term is bounded. Hence, by (iv) and by the fact that 
0 < a < 1, there exists a positive number R such that the sign of 82 is determined by 
the sign of the first term F" (r“) whenever r > R. Then, we have 

(5.10) — (52(7r/m) = (52(0) > 0. 

In particular, the image of the graph of g has no umbilics when r > R. By the 27: jm- 
symmetry of g, (lOi . (EUl, and (15.10b . the index indr(Ag) is equal to —m. Then 
the index of the curvature line flow along T is equal to /^(r) = 1 — m/2 by (14.1b . 
Then after inversion, the Poincare-Hopf index formula yields that the index /q of the 
umbilic of at the origin is 

/o = 2 - 4 (r) = l + m/ 2 . 

If we choose F{x) := tanhx, then the function Zg{X, Y) satisfies the properties of 
Theorem ll.il 


We next prove the corollary. We set 


(5.11) 


Z yj\ F + Zy 

1 + ^1 + %+^’ 


where Z := Zg is the function given in (12.11b . Suppose that A and \v are a C^- 
function and a -vector field defined on a sufficiently small neighborhood of (2f, F) = 
(0,0), respectively, where 1 / is a unit normal vector field of the graph of Zg. Then the 
map 

ci>:(x,y)^(e(A,y),p(x,y)) 

given by ( IA.4b for f = Zf.^ is a local C^-diffeomorphism, and is real-analytic on 
(7 \ {(0, 0)}. Then the proof of Fact A.l in the appendix is valid in our situation, 
and we can conclude that the eigen-flow of the Hessian matrix of A(^, p) is equal to 
the curvature line flow of the map P{^, rf) given by (A.8). Since the image of P(^, p) 
coincides with that of T' {u, v), we get the proof of the corollary in the introduction. 

Thus, it is sufficient to show that A and Xv are at (AT, Y) = (0, 0). By ( 15.1 lb . 
we have the following expression 


{ZZx,ZZy,-Z) 

1 -f \/l -|- Z j^ F Zy 


(5.12) 


Xv = 
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By (15.1 lb and (15.12b . we can conclude that A(X, Y) and A(X, Y)i'{X, Y) are at 
(0,0) if 

(5.13) lim ZZxx — lim ZZxy = lim ZZyy = 0 

(x,F)-).(o,o) (a:,f)->.(o,o) (a:,y)->.(o,o) 

hold. So to prove the corollary, it is sufficient to show (15.13b . It can be easily seen 
that all of r^~°‘gr, r~°'go, r^~^°'grr, 'r^~^°‘gr 0 and r~^°‘ggg are bounded functions on 
Since 0 < a < 1/4, Proposition 2.7 yields that the map {u,v) {X,Y) = 

If o v) is a C^-map. Then (15.13b is equivalent to 

(5.14) lim ZZuu = lim ZZ^v = lim ZZ^^ = 0. 

(iA,t!)^(0,0) {u,v)—¥{0,0) >-(0,0) 

Since Z = h/{k + 1), ( 15.14b follows from (12.19b . ( 12.21b and the fact that 
lim phuu = lim ph^v = lim phyy = 0. 

p—b-0 p—)-0 p—)-0 


6. An alternative proof oe the main theorem 

In the previous section, we have proved Corollary 11.21 However, it is natural to 
expect that one can give an explicit description of the function with the desired prop¬ 
erties. The function A given in (15.1 lb does not have a simple expression. On the other 
hand, we will see that functions 

(6.1) (A =) = Am := tanh(r““ COSTO0) (to = 1,2, 3,...) 

satisfy (1) and (2) of Corollarv ll.2l if 0 < a < 1. We set 

(A :=)Xm ■= cosmO), 

where ^ = r cos 9, rj = r sin 9, and F : Jf? —Jf? is a function satisfying the proper¬ 
ties (i-iv) given in the beginning of Section 5. Then Am is a special case of Am for 
F{x) := tanhx. It holds that 


Ar = r^2F(r““cm) - aCmr““F'(r““cm)^, Xe ■= {r~°-Cm) , 

Xrr = 2F{r~“cm) + Cm ^(a - 3)r“F'(r““cm) + aCmF"{r~“Cm)^ , 

Xrg = msmr^~'^“ ^(a - 2)r“F'(r““cm) + aCmF ", 

A,, = (^r“cmF'(r-“cm) - s^T’"(r-“cm)) , 

where Cm and Sm are defined in ( 15.3b . We set 

Cl ■= 2{rXre — Xg), (2 ■= —r^Xrr + rA^ -I- Age- 

Then each component of the vector field S\ := d^dx + C 2 dy is an identifier for the 
eigen-flow of the Hessian matrix of A at the origin given in the introduction (cf. (I1.3b l. 
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By a direct calculation, we have 
Cl = 2mr'^~'^°^Sm(^aCmF"{r~°-Cm) + {a - , 

C2 = - ■nn?s^^)F"{r~°-Cm) - (a^ - 2a + rn^)r‘^~°-CmF'{r~^Cm)- 

By the property (ii) of F, (a — is negative, and by (ii) and (iii), 

CmF" {r~°‘Cm) is also negative. SoCi is positively proportional to —Sm{= — smm9). 
In particular, Ci vanishes only when Sm = 0. Moreover, for fixed r, it holds that 
d(i/dd < 0 (resp. d(^i/d9 > 0) if Cm = 1 (resp. Cm = — !)■ 

On the other hand, if = 0 and r tends to zero, then Cm = ±1 and F'{Fr~°‘) 
and tend to zero with exponential order (cf. the condition (iv) for F{x)). 

Therefore, the leading term of C 2 for small r is — m?s^)F"{r~°‘Cm)■ 

Hence, for a fixed sufficiently small r, the function C 2 is positive (resp. negative) if 
Cm = 1 (resp. Cm = — !)■ Summarizing these facts, one can easily show that the 
index of the vector field 5 a at o := (0,0) is equal to m. So the index of the eigen-flow 
of the Hessian matrix of A at o is equal to 1 + to/ 2 (cf. Appendix B). On can easily 
check that A is a -function at o and the function A satisfies (1) and (2) of Corollary 
11.21 Since A is a special case of A, we proved that A satisfies the desired properties. 



Figure 2. The image of P (r < 1/2) for to = 2 and a = 1/2. 

To give an alternative proof of Theorem 1.1, we consider the real analytic map 
P : R^\{o\ ^ defined by (cf. dVsT l) 

v) ■= (C, V. Hi, v)) - v), 

where 

(6.2) I. := -^^_1^(2A5, 2A„ A| + A^ - 1). 

One can easily verify that 

Aj = (^{msiSrn - aciCm)sech^ {r~°‘Cm) + 2r“ci tanh (r““cm)^ , 

A^ = ^2r“si tanh (r““cm) — {asiCm + TOCiSm)sech^ (r““cm)^ , 
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where ci = cos 9 and si = sin 6. Using them, one can get the following expressions 

(6.3) A 55 = A^r, = :^h2{r,0), kr,r, = ^h^{r,e), 

where hi{r, 9) {i = 1, 2,3) are continuous functions defined on B?. Using (16.21) . (16.31) 
and the fact liuir^o = 0 , we have 

(6.4) lim At'f = lim = 0, 

and also 

(6.5) lim At'n = 0. 

r—>-0 

Using (16.4b . (16.5b and the fact 

d{Kv) = {dK)v + Kdv, 

we can conclude that Kv can be extended as a C^-function at o. Thus P(^, rf) can be 
also extended as a -differentiable map at o. One can also easily check that 

pao,o) = ( 1 , 0 , 0 ), P„( 0 , 0 ) = ( 0 , 1 , 0 ). 

Hence P is an immersion at o, and 

: (^, 7 ?) {X{^,r]),Y{^,r])) 

is a local C^-diffeomorphism, where P = {X, Y, Z). In particular, 

Za := Z{<^-\X,Y)) 

gives a function defined on a neighborhood of (26, Y) = (0,0). By Fact A.l in the 
appendix, the index of the curvature line flow at ( 0 , 0 ) of the graph of Za is equal to 
the index of the eigen-flow of the Hessian matrix of A, which implies Theorem ll.il 
The image of P for m = 3 and a = 1/2 is given in Figure|2] 

7. The duality of indices 

At the end of this paper, we consider the index at infinity for eigen-flows of Hessian 
matrices. Let 

/ : \ flu —>■ i?, g : Ui/n \ {o} R 

be C^-functions, where flu and Ui/n are disks defined in Section 2. Let Rf (resp. 
Rg) be the eigen-flow of the Hessian matrix of / (resp. g). If the Hessian matrix 
of / has no equi-diagonal points, then we can consider the index ind {Rf,T) with 
respect to the circle F given in (5.4) and it is independent of the choice of r > i?. 
So we denote it by indoo(’H/). Similarly, if the Hessian matrix of g has no equi- 
diagonal points, then we can consider the index ind {Rg, F') with respect to the circle 
r'( 0 ) := {p cos 9, p sin 9) (0 < 9 < 2 tt, p < 1/R). Since it is independent of the 
choice of p < 1/R, we denote it by indo('Hg). Consider the plane-inversion 

c : R^ G {u,v) !->■ —5- ^{u,v) G R^. 


Then the following assertion holds. 



19 


Proposition 7.1 (The duality of indices). Let f : \ VLh R be a C^-function 

whose Hessian matrix has no equi-diagonal points. Then the function g : LIr —^ R 
defined by 

9{x, y) ■■= {u^ + v‘^)f o l{u, v) 

(called the dual of f) satisfies 

mdo(H.g) + indoo(H/) = 2. 

Proof Using the identification of (m, v) and z = u + iv, it holds that u = {z + z)/2 
and V = (z — z)/{2i). In particular, / can be considered as a function of variables 
z and z, and can be denoted by / = f{z,z). Since l{z) = 1/z, we can write 
giz,z) := zz/(l/z, l/z).Then 


9zz{z,z) 


zfzz{l/z,l/z) 


holds, where 


d 

1 , 

( d 

■ 9 \ 

d 

1 , 

f d 

■ 9 \ 

dz 

■“ 2 ^ 

( du 


dz 

” 2 ^ 

{ du 



Since r( 0 ) = re*®, we have that 


9zz{T{9)) 


fzz{^oT{9)) 


j.2^4i6 


Thus, it holds that 


indo(5^^, r) = -4 + indo{fzz, t o T). 


By dEB, we have 


indo(5^^,r) = - 2 indo('Hg), 
indo(/22, t o r) = -indo(/zz,tor) = 2 indoo('H/). 


Thus we get the assertion. □ 

Applying Proposition !?. 1 I for the function g = (cf. db.ll l). we get the following: 

Corollary 7.2. For each m{> 1), there exists a function / : R^ \ LIr —>■ R 

satisfying 

(1) f is real-analytic on R^ \ LIr, 

(2) the eigen-flow of the Hessian matrix of f has no singular points, and 

(3) the index at infinity of the eigen-flow of Hf is equal to 1 — m/2. 

The function Km used in the second proof of Theorem 1.1 coincides with the dual 
of the function /m — 1 given in (11.4b . 
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Appendix A. The classical reduction 


In this appendix we show the existence of a special coordinate system (^, p) of the 
graph of a function f{x, y) which reduces the curvature line flow to the Hessian of 
a certain function, called Ribaucour’s parametrization (the third author learned this 
from Konrad Voss at the conference of Thessaloniki 1997). Although, the existence 
of such a coordinate system was classically known, and a proof is in the appendix of 
m, the authors will give the proof here for the sake of convenience. We set P = 
(cc, y,/(a;, y)), and suppose that/(O, 0) = /x(0,0) = /y(0,0) = 0. Consider a 
sphere which is tangent to the graph of / at P and also tangent to the a:y-plane at a 
point Q. Then, it holds that 


(A.l) 


Q + A63 — P + Au, 


where 63 = (0, 0,1) and u = fy, -1 )/^1 + f^ + f^- Taking the third compo¬ 
nent of (lA.ll i. we get 


(A.2) 

In particular, A(0,0) 


/ + fx + fy 

1 + + /x + /y 

0. Since fx{0, 0) = /y (0,0) = 0, we have that 


(A.3) dA(0,0) = d/(0,0) = 0. 

Taking the exterior derivative of (lA.lb . and using (IA.3b and A(0,0) = 0, we have 
dP(0,0) = dQ{0, 0). So, if we set Q = (^(x, y), r]{x, y), 0), then it holds that 

(^x(0, 0)dx + 4(0, 0)dy, 773 ,( 0 , 0)dx + r]y{0, 0)dy, 0) = dQ 
= dP = {dx, dy, fx{0, 0)dx + fy(0, 0)dy) = (dx, dy, 0), 
which implies that the Jacobi matrix of the map 
(A.4) 4> ; (x, y) i-A (^x, y), r]{x, y)) 

is the identity matrix at (0, 0). So we can take (4 y) as a new local coordinate system. 
Differentiating (lA.lb by ^ and 77 , we get the following two identities; 


+ A ^63 - P^ -\- XV^, Qy + AyG3 - Py + Xyiy -|- AUy. 

Taking the inner products of them and i/, these two equations yield 


(A.5) ■ V P A^r '3 — A^, Qy ■ v + XyV-^, — A, 


where we set v = (z/i, 1 / 2 , 1 ^ 3 ). Since Q = (4 y, 0), we have that = (1, 0,0) and 
Qy = (0,1,0). So it holds that ■ v = vi and Qy ■ v = V 2 . Substituting this into 
(lA3b . we have 


(A. 6 ) 




vi 

1 - j/3’ 


Xy - 


V 2 

1 - J/3 


This implies that (Aj, Xy) is the image of v via the stereographic projection, and we 
can write 


1 

1 + A| + A2 


(2A^, 2Ay, A| + A 


2 

V 


1 ). 


(A.7) 


V = 









By dAll l. we have 
(A. 8 ) 

We prove the following 


P=(e,r,,0)-A^+(0,0,A). 
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Fact A.l. The curvature line flow of the graph z = f{x, y) coincides with the eigen- 
flow of the Hessian of the function A(^, 77 ) given by (IA.2I) . 


Proof Noticing (A. 8 ), we set 

/7.\ / 7. 

;= det dP = det d^,dr],d\ 
ydv) y dv 

Then this gives a map : T(j R such that 

^( 5 .'ll + + € R. 

It is well-known that w € T(j points in a principal direction of P at (^, 77 ) if 

and only if A(j ^)(w) = 0. Since + ( 722 )^ + ( 723 )^ = 1, (IA. 6 b yields that 


Aj72]^ + A^722 


1 - 723 


1 - 
1 - 723 


1 + 723 , 


which implies 723 
(CO i. we have 


Aj721 + A^722 — 1. We now set p = 2/( 1 -I- A^ + A^ ). Differentiating 
di^ = —72 -f p^dA^, dXr^^ X^dX^ -t- Xj^dXjf). 


The first term of the right hand-side of the above equation is proportional to 72 and 
does not affect the computation of A(j . So we have that 



121 

722 


d^ 

dp 


dX^ 

dXrj 


Vl 

722 

= M 

d^ 

dp 


dX^ 

dXrj 


A^723 -|- XrjV2 — 1 
Ajdf + Xrjdr] 

X^dX^ 

-1 

= -P 


-f X^jdXrj 


d^ 

dX^ 


dp 

dX^ 


= M 


^(Ajj - Xnn)d^dp 


X^r,{de 



Fact A.l follows from this representation of A(^ 


□ 


Appendix B. Indices of eigen-flows of Hessian matrices 

Let g : H/j \ { 0 } —> be a -function, where Hr? is the closed disk of radius R 

centered at the origin o := (0, 0) (cf. (12. IH . The Hessian matrix of g is given by 
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We denote by T-Lg the eigen-flow of Hg. A point p € VLr \ {o} is called an equi- 
diagonal point of Jig if Hg {p) is proportional to the identity matrix. Consider the 
circle 

r(0) := ^(cos^jSin^) (0 < 0 < 27r,7’ < R). 

If there are no equi-diagonal points on VIr \ {o}, then we can define the index 
ind('Hg,r) of the eigen-flow Hg with respect to F, which does not depend on the 
choice of r. We call it the index of Hg at the origin and denote it by indo(’Hg). 
Consider the vector field 

dg 2 gxy -f [gyy — gxx) g^- 

It is well-known that the mapping degree of the Gauss map (cf. (13. Il l I 

dg : := R/27rZ 9 0 ^ := y) G = 1} 

is equal to 2 indo(Hg). Using the correspondence (x, y) x + iy, we identify R^ 
with C, where i = \/—l. Then 

9z = 2 ^ 9 x ~ igy)^ dzz = '^iigxx ~ gyy) ~ ‘2igxy)^ 
where g^ '■= dg/dz, gzz ■= d’^gjdz^ and 

dz ' 2 \ i9x ^ dy) ' 


Thus, dg can be identified with the right-angle rotation of gzz- In particular, we have 
(B.l) indoCHg) = indo(pzz). 


Here gzz is considered as a vector field and indo( 522 ) is its index at the origin. Let 
(r, 9) be as in (12.51 1. Then z = re*® and 


g-iS 

9z = ^;—{rgr-ige), gzz 
2 r 


e-2^s 


dr 2 


(^{r'^grr - rgr - gee) + 2.i{ge 



We consider the vector field defined by 

d 

(B.2) 5g := 2{rgre - + {-i"^9rr 


+ rgr 



Since 


we obtain the following: 


indo( 52 z) = 2 + indo(^g), 


Lemma B.l. The identity indo(?fg) = 1-1- indo((5g)/2 holds. 
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